Abstract. This paper studies the singularities of jet schemes of homogeneous hypersurfaces of general type. We obtain the condition of the degree and the dimension for the singularities of the jet schemes to be of dense F -regular type. This provides us with examples of singular varieties whose m-jet schemes have rational singularities for every m.
Introduction
The concept jet schemes over an algebraic variety was introduced by Nash in his preprint in 1968 which is later published as [10] . These spaces represent the nature of the singularities of the base space. In fact, papers [1] , [2] , [8] , [9] by Mustaţǎ, Ein and Yasuda show that geometric properties of the jet schemes determine properties of the singularities of the base space. To summarize, their results among others are as follows:
Let X be a variety of locally a complete intersection over an algebraically closed field of characteristic zero. Then X m is of pure dimension (resp. irreducible, normal) for all m ≥ 1 if and only if X has log-canonical (resp. canonical, terminal) singularities.
Accoding to this form, it is natural to formulate the question: Problem 1.1. Does the following hold? X is non-singular if and only if X m has at worst certain "mild" singularities for every m ≥ 1.
Does the bound of a certain invariant of the singularities on X m characterize the somoothness of X?
The easiest candidate for "certain mild singularities" is a rational singularity. In this paper, we show that a rationality is not appropriate for the required statement in the problem. This is proved by providing with counter examples. We study the singularities of the jet schemes of homogeneous hypersurface of general type and obtain the condition of the degree and the dimension for the singularities of the jet schemes to be dense F -regular type. 
2 ≤ N, then the jet scheme X m has at worst rational singularities for every m ∈ N.
A rational singularity is defined by using a resolution of the singularities. Since it is almost impossible to construct a resolution of the singularities of the jet scheme even for the simplest singularities on the base variety because of too many variables on the jet scheme, we use the positive characteristic method. The theorem shows examples of singular X whose jet schemes X m for all m have at worst rational singularities. We also show that X is non-singular if and only if the F -pure threshold does not change between X m 's for different m: (i) (X, 0) is non-singular;
Throughout this paper the base field k is an algebraically closed field.
2. Preliminaries on jet schemes and positive characteristic methods 2.1. For a scheme X of finite type over an algebraically closed field k, we can associate the space of m-jet (or the m-jet scheme) X m for every m ∈ N. The exact definition of the m-jet scheme and the basic properties can be seen in [6] . We use the notation and the terminologies in [6] . The canonical projection X m −→ X is denoted by π m . If X is a closed subscheme of A N k defined by an equation f = 0, then the m-jet scheme X m is defined in
by the equations {F (j) = 0} j=0,... ,m . Here, the
For the simplicity of the notation, we write
N ). For a point P ∈ X, let P m ∈ X m be the trivial m-jet at P . In particular if P is the origin 0 ∈ X ⊂ A N k , then 0 m is defined by the maximal ideal (
The Frobenius map of rings of positive characteristic has been important tool to study the singularities of positive characteristic. The concepts F -pure, strongly F -regular, weakly F -regular and F -rational appear in this stream. These notions have close relations with rationality and log-canonicity: A singularity is of dense F -rational type (i.e., it is F -rational by the reduction to characteristic p for infinitely many prime number p) if and only if it is rational by Smith [11] , Hara [4] , Mehta and Srinivas [7] . If a normal Q-Gorenstein singularity is of dense F -pure type (i.e., it is F -pure by the reduction to characteristic p for infinitely many prime number p), then it is log-canonical by Hara and Watanabe [5] . In the Gorenstein case, the three notions strongly F -regular, weakly F -regular and F -rational coincide. When we restrict ourselves in the case of a complete intersection, we call it just F -regular. The definitions of F -pure and F -regular can be found in the papers above and we do not repeat them here.
Lemma 2.3. The m-jet scheme X m is F -pure (resp. strongly Fregular, rational) along the fiber π
Proof. Note that these conditions, F -pure, strongly F -regular, rational, are open conditions. Therefore, if X m has one of these conditions at P m , then X m has that on an open neighborhood U ⊂ X m of P m . Remember that the multiplicative algebraic group A 1 k \ {0} acts on X m and the closure of the orbit of every point y in π −1 m (P ) contains P m (see, for example, [6] ). This shows that on X m there is an isomorphism which sends y into U. Hence, X m has the condition at y. 
(1) The pair (S, (aS) t ) is F-pure if and only if for all large
.
(2) The pair (S, (aS) t ) is strongly F-regular if and only if for every element
In the case of a complete intersection, we can regard the following criteria of Fedder type as the definition of F -pure and F -regular.
Proof. The statement on F -purity is in [3] .
+ f q−1 S and our assertion on F -regularity follows from Lemma 2.4.
To apply the criteria, we need to show that our jet schemes are complete intersections. The following is a characteristic free statement and is a refinement of a special case of the statement obtained by Mustaţǎ [8] for characteristic zero. Lemma 2.6. Let X be a hypersurface of A N k defined by a homogeneous polynomial f of degree d. Assume X has an isolated singularity at the origin 0 ∈ X. Then, it follows:
Proof. First of all, we note that for a hypersurface X with the isolated singularity at 0, the jet scheme X m is irreducible if and only if
Indeed, as dim π 
Assume that X 0 = X, . . . , X m−1 are irreducible. We note that for j ≥ d
By this we have dim π 
Singularities of the jet schemes
Definition 3.1. Under the notation in 2.1, let k be a field of characteristic zero and p a prime number. Let m be the maximal ideal (
[p] and x ∈ F p−1 by modulo p reduction. Here "x ∈ F p−1 " means x appears in F p−1 with non-zero coefficient. Proof. Fix m ∈ N. Let p be a prime number satisfying p > m(d−1)+d. By Lemma 2.6, we may assume that X m is a complete intersection. 
as follows:
a by modulo p, by noting that the coefficients ξ i 1 ,... ,i d are algebraically independent over Q.
Next, pick up the term L 2 (j) from F (j) as follows
Then, note that a variable with positive weight (i.e., x (j) 2d (j > 0)) appears in L 2 at most once and a variable x
Finally, pick up the term L 3 (j) from F (j) as follows:
Then, note that a variable with positive weight (i.e., x 
On the other hand, every variable of positive weight appears in M at most a + b times (here, we used the fact that a + c ≤ a + b). We can also see that
for sufficiently large e. Proof. As X m is a complete intersection and F -pure, there exists a good monomial x for (F, p). Fix an expression of x into a product of monomials of (F (4). Let C be the matrix as follows:
In other words, C = (c ij ) 0≤i,j≤m be defined as 
−e for i = 0 and
+ ǫ. By this we have
On the other hand, noting that δ i ≥ 0 for i ≥ l + 1, we have
Thus, we conclude that
But if l is sufficiently large, then the latter will be positive and this contradicts to the fact that m i=0 iδ i = 0. 3.6. Takagi and Watanabe [13] introduced the invariant F -pure threshold (denoted by f pt(X, Z, P )) for a scheme X over a field of positive characteristic and the closed subscheme Z ⊂ X at a point P ∈ X. It is closely related to the log-canonical threshold for characteristic zero. Here, we refer the formula for a complete intersection case.
Let k be a field of characteristic p > 0. Let X be a subscheme of A As we think of only local a complete intersection case, we can regard this formula as the definition of F -pure threshold. 
if (X, 0) is singular and X m and X m+1 are complete intersections at the trivial jets. Let m and m ′ be the maximal ideals of O Xm,0m and of O X m+1 ,0 m+1 , respectively. Let f 1 , . . . , f r define X in A N , where r = codim(X, A N ).
